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We show that ultrashort pulses can be focused, in a particular instant, to a spot size given by
the wavelength associated with its spectral width. For attosecond pulses this spot size is within
the nanometer scale. Then we show that a two-level system can be left excited after interacting
with an ultrashort pulse whose spectral width is larger than the transition frequency, and that the
excitation probability depends not on the field amplitude but on the field intensity. The latter makes
the excitation profile have the same spot size as the ultrashort pulse. This unusual phenomenon is
caused by quantum electrodynamics in the ultrafast light-matter interaction regime since the usually
neglected counterrotating terms describing the interaction with the free electromagnetic modes are
crucial for making the excitation probability nonzero and depend on the field intensity. These results
suggest that a train of coherent attosecond pulses could be used to excite fluorescent markers with
nanoscale resolution. The detection of the light emitted after fluorescence—or any other method
used to detect the excitation—could then lead to a new scheme for far-field light nanoscopy.
Microscopy aims at imprinting features in a sample to
discern details within a region as small as possible. While
impinging electrons to a sample provides resolution in the
nanoscale—namely, nanoscopy—using light is preferable
in life sciences due to it being less invasive and to permit
tagging parts of the sample with fluorescent markers [1].
However, light microscopy has to circumvent the Abbe
diffraction limit, which prevents focusing monochromatic
light in the far field beyond a spot size of half its wave-
length [1–4]. This can be circumvented (i) using near
fields, which are not diffraction limited and can thus be
used to achieve higher resolution [5–9]. Remarkably, for
far-field fluorescent nanoscopy, the Abbe limit can be cir-
cumvented by (ii) manipulating bright and dark states of
the fluores- cent markers while still using quasimonochro-
matic diffraction-limited light [10–15].
Here, we explore an alternative approach for light
nanoscopy based on using coherent broadband light,
that is, ultrashort pulses [16]. Such pulses have spec-
tral widths comparable—or even larger—in the attosec-
ond regime than optical frequencies [17–21]. Ultrashort
pulses have been used in the context of subwavelength
control of nanoplasmonic fields [22–24]. In this Letter
we address the following questions: What is the minimal
spot size of a focused ultrashort pulse? Can an optical
transition be excited after the interaction with an ultra-
short pulse? Does the excitation profile have the same
spot size as the light intensity? The positive answer to
these questions allows us to suggest a scheme for far-field
light nanoscopy that is based on neither (i) nor (ii).
Let us start by discussing the intensity profile of a fo-
cused ultrashort pulse. We consider a nonchirped [16]
pulse propagating along the z axis and linearly polar-
ized along the x axis. We mathematically model the
focusing scheme as a nondispersive reference sphere of
radius f ; see Fig. 1(a). Under the paraxial approxi-
mation [3], the incident field distribution in the spec-
tral representation on the reference sphere is given by
Ein(ρ, ω) = [2U/(0σ2c)]1/2φ(ω) exp[−ρ2/σ2]ex, where
σ is the waist of the pulse, ρ ≡ (x2 + y2)1/2 the ra-
dial distance, U ≡ 0c
∫
R
dω
∫∞
0 dρρ |Ein(ρ, ω)|2 /2 the
energy of the pulse, 0 the vacuum permittivity, and c
the speed of light in vacuum. The spectral function φ(ω)
of the pulse fulfills φ(ω) = φ?(−ω) and is normalized as∫∞
0 dω |φ(ω)|2 = 1 [see Fig. 1(a)]. We define the mean
frequency of the spectral function as ω¯ ≡ ∫∞0 dω ω |φ(ω)|2
and the corresponding mean wavelength λω¯ ≡ 2pic/ω¯.
The field distribution near the focal point can be obtained
by first using geometric optics to obtain the deflection of
the field at the reference sphere [3], and then by using
Fourier optics to obtain the far field near the focus using
the stationary phase approximation [3, 25]. The latter is
valid provided the focal point is at the far field for all the
relevant frequencies of the pulse, namely f  λω¯. One
can then obtain
E(r, ω) ≈ ieiω(f+z)/c
√
2U
0c
φ(ω)J1(Aωρ/c)
ρ
ex. (1)
Note that the radial dependence is given by the Airy
disk function J1(Aωρ)/ρ, where J1(x) is the first order
Bessel function of the first kind and A ≡ σ/f  1 is
the numerical aperture. The Airy disk manifests diffrac-
tion, namely the loss of spatial resolution due to the
non propagation of evanescent fields. A typical tempo-
ral dependence of the electric field in the focal point is
plotted in Fig. 1(b). At the particular time t = f/c,
which we call the rephasing time, the intensity in the
focal plane reads I(ρ) ∝ | ∫ dωφ(ω)J1(Aωρ)/ρ|2. The in-
tensity is given by a coherent superposition of Airy disks
weighted by the spectral function φ(ω). Considering a
Gaussian spectral function with a spectral width Γ and a
carrier-frequency ω0 [see Fig. 1(c)], the intensity resolu-
tion II(ρ) ≡ 2I(ρ)/[I(0) + I(ρ)] is plotted as a function
of Aρ/λω¯ in Fig. 1(d) as a solid blue line. Note that
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2FIG. 1: (a) Illustration of the focusing of pulses of duration Γ−1, spectrum φ(ω), and waist σ, which are separated in time
by T , in a focusing scheme mathematically modeled by a reference sphere of radius f . (b) The amplitude of the electric field
at the focal point in arbitrary units is plotted as a function of ω¯t for an ultrashort pulse where Γ  ω0. (c) The spectrum
|φ(ω)|2 in units of 1/ω¯ is plotted as a function of ω/ω¯ in the case of an ultrashort pulse, where Γ ω0. We consider a Gaussian
spectrum given by φ(ω) = iN [l(ω)− l(−ω)], with l(ω) = exp[−(ω+ω0)2/(4Γ2)] and N , such that
∫∞
0 dω|φ(ω)|2 = 1. The inset
shows ω¯ in units of ω0 as a function of Γ/ω0 with the dashed gray line showing the asymptotic value ω¯ = Γ(8/pi)1/2. (d) The
intensity resolution function II and the excitation resolution function Ie is plotted as a function of Aρ/λω¯, where λω¯ = 2pic/ω¯
and A = σ/f  1 is the numerical aperture.
the spot size ∆ρ, defined by II(∆ρ) ≈ 0.5, is given by
∆ρ ≈ 0.2λω¯/A. As shown in the inset of Fig. 1(c), in
the quasimonochromatic case Γ/ω0  1, one recovers
the Abbe limit for monochromatic light, namely ω¯ ≈ ω0.
However, for an ultrashort pulse, where Γ/ω0  1, one
has ω¯ ≈ Γ. Thus the intensity of an ultrashort pulse con-
taining a broad range of frequencies can be focused, at
the rephasing time, to a spot size given by the wavelength
associated with its spectral width.
Let us now address the possibility of using such fo-
cused coherent broadband light for far-field nanoscopy.
In the following we suggest that this might indeed be
possible due to unusual quantum electrodynamical phe-
nomena present in the ultrafast light-matter interaction
regime. In particular we discuss the interaction of a two-
level system with a coherent train of ultrashort pulses in
the ultrafast light-matter interaction regime; specifically,
the temporal pulse width is much shorter than the tran-
sition period of the two-level system. We show that the
counterrotating terms describing the interaction of the
two-level system with the free electromagnetic modes in-
duce transitions in which the two-level system is excited
and a photon is emitted. Moreover, the probability of
leaving the two-level system excited depends on the field
intensity. These are surprising and potentially useful re-
sults since they could be used to imprint a visible feature
with high resolution in a fluorescent marker. In practice,
however, the particular multilevel structure of a given flu-
orescent marker needs to be taken into account and the
result will depend very much on its specific electronic
structure. We remark that the interaction of a two-level
system with a train of ultrashort pulses and resonance
fluorescence of an arbitrarily driven two-level system has
already been studied; see, for instance, Refs. [26, 27].
However, these studies focus on the excitation process
during the interaction with the pulse, which can be dis-
cussed in the context of optical Bloch equations where
the interaction with the free electromagnetic modes is not
included. Here we are interested in the state of the two-
level system after the interaction with ultrashort pulses,
3and the interaction with the free electromagnetic modes
not only is required but also plays a crucial role.
Let us first calculate the probability of exciting a two-
level system {|g〉, |e〉} situated in the focal region after
interacting with a train of N coherent ultrashort pulses,
each with spectral width Γ and energy U and separated
in time by T  1/Γ; see Fig. 1(a). We consider an opti-
cal transition of frequency ω0, a free space spontaneous
emission rate Γ0, and a dephasing rate γ = Γ0/2 + γc,
with γc being the inhomogeneous broadening of the op-
tical transition. We consider γNT  1, such that the
dynamics can be approximated to be purely unitary. In
the displaced classical frame where all of the electro-
magnetic field modes are in vacuum, the light-matter
interaction can be described by the Hamiltonian Hˆtot =
Hˆ0+Vˆ (t)+Hˆint. Here, Hˆ0 is the free part of the Hamilto-
nian given by Hˆ0 = ~ω0 |e〉〈e|+
∫
R3 dk
∑
 ~ωkaˆ†(k)aˆ(k),
where aˆ(k) [aˆ†(k)] is the annihilation (creation) opera-
tor of the free electromagnetic field mode of wave vector
k and polarization  ⊥ k, which fulfills [aˆ(k), aˆ†′(k′)] =
δ(k−k′)δ′ . The frequency of the free modes is ωk = ck,
where k = |k|. The term Vˆ (t) is the time dependent
part of the Hamiltonian that describes the interaction
of the ultrashort pulses with the two-level system and
is given by Vˆ (r, t) = ~Ω(r, t)σˆx, where σˆx = σˆ+ + σˆ−,
with σˆ+ = (σˆ−)† = |e〉〈g|. We assume that {|g〉, |e〉}
are levels with a zero magnetic quantum number, so
that only the component along the x axis of the dipole
operator dˆ is real and nonzero [28]. Therefore, the
Rabi frequency is given by Ω(r, t) = −∑N−1s=0 degE(r, t−
sT )/~ ≡ ∑N−1s=0 Ω0(r, t − sT ), where E(r, t) = E(r, t)ex
is the electric field of a single pulse and deg = 〈e|dˆ|g〉.
The term Hˆint describes the coupling of the two-level
system with the free electromagnetic modes, namely
Hˆint = i~
∫
R3 dk
∑
 gk
[
aˆ(k)eik·r −H.c.
]
σˆx, where the
coupling rate is given by gk ≡ −deg[ωk/(20(2pi)3~)]1/2·
ex. Using the total Hamiltonian Hˆtot, we calculate below
the transition probability to excite the two-level system.
We consider that, at t = t0, before the first pulse has
interacted with the two-level system, the initial state is
given by |ψi〉 = |g〉 ⊗ |0〉 ≡ |g, 0〉, where aˆ(k)|0〉 = 0
∀k, . We are interested in the transition probability,
after the interaction with the train of ultrashort pulses,
to the state |ψf 〉 = |e〉 ⊗ aˆ†(k)|0〉 ≡ |e,k〉 namely, the
two-level system in the excited state and a single pho-
ton in the mode with wave vector k and polarization
. The natural transition to the state |ψf 〉 = |e, 0〉,
where no photons have been emitted, will also be con-
sidered. In first order perturbation theory with Hˆint,
the transition amplitude c(r, t) from state |ψi〉 to state
|ψf 〉 is given by c(r, t) ≈ c0(r, t) + ck(r, t), where
c0(r, t) ≡ 〈e, 0|Uˆ(r, t, t0)|g, 0〉 accounts for the transitions
in which no photons have been emitted and ck(r, t) ≡
(i~)−1
∫ t
t0
dt′〈e,k|Uˆ(r, t, t′)HˆintUˆ(r, t′, t0)|g, 0〉 for the
transitions in which the two-level system is excited
and a free photon is emitted. The unitary time evo-
lution operator Uˆ(r, t, t0) is given by the Schrödinger
equation i~∂tUˆ(r, t, t0) = [Hˆ0 + Vˆ (t)]Uˆ(r, t, t0), with
the boundary condition Uˆ(r, t0, t0) = 1. In stan-
dard light-matter interaction regimes, one would ex-
pect the transition amplitude c0 to dominate over
ck. However, this is not the case in the ultra-
fast interaction regime defined by Γ  ω0. In this
regime one can use sudden perturbation theory [29]
to approximate exp[−Hˆ0t/(i~)]Vˆ (t) exp[Hˆ0t/(i~)] ≈
Vˆ (t), which then, together with [Vˆ (t), Vˆ (t′)] = 0,
can be readily used to integrate the Schrödinger
equation for Uˆ(r, t, t′) and to obtain Uˆ(r, t, t0) ≈
exp[Hˆ0t/(i~)] exp[χ(r, t, t0)σˆx/i] exp[−Hˆ0t0/(i~)], where
we have defined χ(r, t, t0) ≡
∑N−1
s=0 χs(r, t, t0), with
χs(r, t, t0) ≡
∫ t
t0
dt′Ω0(r, t′ − sT ). Using this, one can
straightforwardly show that c0(r, t)|t=∞ = 0 because
it depends on the pulse spectrum at zero frequency
φ(0), which has to be zero since ultrashort pulses do
not carry electrostatic fields [30]. The probability to
excite the two-level system is thus given by pe(r) =
limt→∞
∫
R3 dk
∑
 |ck(r, t)|2 and is only given by transi-
tions in which a photon is also emitted. Note that, since
the transition amplitude in zero order in Hˆint, namely
c0, is zero, the transition amplitudes in second or higher
orders in Hˆint, which would excite the two-level system
and emit two or more photons, can be safely neglected.
We remark that the dominant transitions that excite
the two-level system by emitting a single photon are en-
abled by counterrotating terms that would typically be
neglected under the rotating-wave approximation with
respect to the free electromagnetic modes, which is not
valid in the ultrafast interaction regime given by Γ ω0.
Should one not consider the interaction with the free elec-
tromagnetic modes, one would incorrectly conclude that
the probability of exciting the two-level system after the
interaction with the pulses is zero. Note that the photon
emitted during the excitation process should not be con-
fused with the later spontaneously emitted fluorescent
photon.
In order to get a simplified expression for the excita-
tion probability pe(r), we evaluate the expression in the
weak field regime, namely η ≡ maxt χ(r, t)  1, where
χ(r, t) ≡ χ(r, t,−∞), and that the temporal distance be-
tween pulses T is a multiple of 2pi/ω0. One then obtains
pe(r) ≈ f(r)2NΓ0/(piω30), where
f(r) ≡
∫ ∞
0
dωkω3k
∣∣∣∣∫
R
dτeiωkτ sin(ω0τ)χ20(r, τ)
∣∣∣∣2 (2)
Using a Gaussian spectral function [recall Fig. 1(b)], the
probability of exciting a two-level system situated at the
focus is given by pe(r = 0) ≈ 25.3 η4NΓ0/ω0, with η ≈
0.64A[UΓ0/(~ω0Γ)]1/2. After the interaction with each
train of pulses, a fluorescence emission from the two-level
system could be detected during a time scale 1/Γ0. Thus,
4the imaging rate is defined as R ≡ pe/(NT + 1/Γ0). We
show below that R is of the order of 105 Hz for typical
experimental parameters with attosecond pulses and an
optical transition.
Note that pe(r) depends on the light intensity through
its dependence on χ20(r, t) in Eq. (2). This is a conse-
quence of the contribution of the counterrotating terms
describing the interaction with the free modes, with a
crucial implication for nanoscopy purposes. Let us de-
fine, similarly to the intensity resolution, the excitation
resolution Ie(ρ) = 2pe(ρ)/[pe(0) + pe(ρ)]. The dotted
red line in Fig. 1(d) shows the excitation resolution as
a function of Aρ/λω. The excitation resolution has a
spot size set by ∆ρ ≈ 0.4pic/(Aω¯), similar to the inten-
sity. Hence, a two-level system with transition ω0 can be
excited using ultrashort pulses with Γ ω0 within a spa-
tial resolution of 0.4pic/(AΓ)  0.4pic/(Aω0), and thus
its emission would discern details well beyond the wave-
length associated to ω0. We remark that these results
do not qualitatively depend on the particular functional
form of the pulse spectrum. Note that such a high reso-
lution limit is achieved in the focal plane but not along
the optical axis where the pulses propagate.
In order to get an order of magnitude, consider a red
optical transition of 2pic/ω0 = 719 nm, a lifetime of
Γ−10 = 1.6 ns [31], and an inhomogeneous broadening
γc = 10Γ0, which interacts with a train of N = 453
(such that NγT = 0.1) coherent Gaussian pulses of
Γ−1 = 38 × 10−18 s (Γ/ω0 = 10), each separated by
T = 33.6 × 10−15 s (2piT/ω0 = 14), and with an energy
of U = 0.7 nJ (such that η = 0.5). The pulses are fo-
cused in a scheme with the numerical aperture A = 0.1.
This leads to an imaging rate R = 1.1 × 105 Hz and a
resolution limit of ∆ρ = 90 nm. A train of attosecond
pulses with a stable pulse-to-pulse carrier envelope phase
and with one pulse per infrared cycle can be produced
using high harmonic generation [32–34]. Our proposal re-
quires a focusing scheme able to prepare a field similar to
Eq. (1) near the focal point. This could be achieved, for
instance, either using sufficiently broadband mirrors or
using dispersive elements with optimally chirped pulses.
Our results indicate that focused ultrashort pulses can
be used for far-field nanoscopy by imprinting features
in a region of a size given by the wavelength associ-
ated with their spectral bandwidth. For the particular
case of fluoresence nanoscopy [1], we have shown that a
two-level marker with an optical transition can be ex-
cited due to the usually neglected counterrotating terms
describing the interaction with the free electromagnetic
modes that are crucial in the ultrafast light-matter inter-
action regime. Independently of the nanoscopy purposes,
it would be very interesting to experimentally show the
discussed excitation process as a manifestation of quan-
tum electrodynamics in the ultrafast interaction regime
Γ ω0. This could, in principle, be observed either using
attosecond pulses and optical transitions or femtosecond
pulses and radio-frequency transitions. In practice, one
should consider the particular multilevel structure of the
fluorescent marker; see Ref.[35]. Fast transitions from
higher levels could increase the probability of exciting
the optical level, and cascade transitions could emit other
colors. While this can be analyzed with some of the the-
oretical tools given here, the results will strongly depend
on the particular electronic structure of the molecule. In
any case, it seems plausible that one can find molecules
where visible features would still be imprinted with such
a high resolution. We hope that our results will trigger
further research into the interplay between the fields of
attosecond physics and optical microscopy.
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